The reflection of intense laser radiation from solids appears as a result of relativistic dynamics of the electrons driven by both incoming and self-generated electromagnetic fields at the periphery of the emerging dense plasma. In the case of highly-relativistic motion, electrons tend to form a thin oscillating layer, which makes it possible to model the interaction and obtain the temporal structure of the reflected radiation. The modelling reveals the possibility and conditions for producing singularly intense and short XUV bursts of radiation, which are interesting for many applications. However, the intensity and duration of the XUV bursts, as well as the high-energy end of the harmonic spectrum, depends on the thickness of the layer and its internal structure which are not assessed by such macroscopic modelling. Here we analyse the microscopic physics of this layer and clarify how its parameters are bound and how this controls outlined properties of XUV bursts.
I. INTRODUCTION
The interaction of intense radiation with overdense plasmas in the relativistic regime appears as the basic problem for many promising applications of high-intensity lasers, ranging from particle acceleration 1,2 to the generation of high frequency radiation, [3] [4] [5] [6] with practical applications within diagnostics, probing of warm dense matter, and observing phenomena at the atto-second timescale.
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If the transverse size of the laser pulse is much larger than the wavelength and the irradiated plasma is sufficiently dense to prevent the penetration of radiation, the reflection of an obliquely incident laser pulse can be considered as a one-dimensional problem in a reference frame moving along the plasma surface with speed c sin θ, where c is the speed of light and θ is the angle of incidence 10 . In this reference frame the laser radiation impinges normally on the plasma streaming with the speed c sin θ.
The character of the laser-plasma interaction depends crucially on the conditions of interaction. In the case of low intensity and a sharp density profile, the plasma still acts as an almost ideal mirror, but with small fractions of frontier electrons that are repeatedly thrown into the plasma resulting in heating [11] [12] [13] [14] [15] [16] . In the case of a limited density gradient, typically provided by limited contrast of the laser pulse, the electron bunches thrown into the density ramp can excite plasma oscillations, which produce emission of high-frequency radiation in the specular direction. This mechanism, known as coherent wake emission (CWE) 17 , is dominant for moderate intensities, characterized by that the field amplitude a 0 ≪ 1, where the amplitude is given in relativistic units mcω/e and ω is the radiation frequency, m and e are the electron mass and charge (absolute value).
For higher intensities, the light pressure and especially its temporal variation starts to affect the reflection from the plasma yielding a distinctively different mechanism for high order harmonic generation (HHG). One way of modelling this is based on the assumption that at any instance of time there exists a point where the incoming and outgoing energy fluxes are equal, and this point oscillates approaching relativistic speed just as an ordinary particle. Although this model is referred to as the relativistic oscillating mirror (ROM) 18 , this is a mirror in a limited sense: it provides phase modulations but no amplitude boosts as a real mirror would do. While this might look unnatural, this interpretation leads to the universal law for harmonic intensity decay
where k is the wavenumber, which has been observed in some simulations 19 and experiments 20, 21 (some other trends have also been discussed in the literature [22] [23] [24] [25] ). Note that the assumed equality of the incoming and outgoing fluxes, known as the Leontovich boundary condition, imply that the plasma does not accumulate energy even temporarily.
If the intensity is even higher and/or the plasma edge is sufficiently smooth, the oscillating light pressure repeatedly causes significant back and forth shifts of the plasma front 26, 27 . During these shifts a significant part of incoming radiation energy can become temporally allocated in the quasi-static field of charge separation between the shifted electrons and less mobile residual ions. In this case, the plasma acts more like a spring, repeatedly accumulating and releasing energy from the incident radiation. Simulations of this process show that electrons tend to form a bunch and thus provide coherent synchrotron emission (CSE) 17 . It is notable that the bunch is compressed during both forward and backward motion due to relativistic effects and, in the case of high intensities, maintains a thickness that is much smaller than the distance over which it travels 28 . This motivates modelling the interaction process based on treating this bunch as an infinitely thin layer that moves so that its radiation cancels out the incoming radiation into the plasma bulk. This model is referred to as the relativistic electronic spring (RES) 29 and provides the temporal structure of the outgoing radiation for arbitrary incident radiation structure and polarization as well as for arbitrary plasma density shapes 28 . Although challenging, some signatures of electron bunching and relativistic dynamics have already been observed in experiments [30] [31] [32] .
The analysis of the RES equations indicates that at certain parameters the outgoing radiation appears in the form of singularly intense and short bursts of radiation. Simulations have showed that these bursts can have more than two orders of magnitude higher intensity than that of the incident radiation and a duration of down to a few attoseconds 29, 33, 34 . One way to reach even more extreme intensities is by focusing such bursts generated from self-generated 35 or manufactured 36, 37 spherical or groove-shaped 29 plasma mirrors. Furthermore, recently discussed applications are related to the creation of compact sources of bright XUV pulses [38] [39] [40] [41] with controllable ellipticity 42 and of bright gamma rays 43 emitted by the electrons in this regime of interaction. Since the generated XUV bursts can reach relativistic intensities for the XUV range of frequencies 44 , they can also be used for driving wakefields in solids 45, 46 .
For the RES theory the described bursts of radiation appear as singularities and their actual peak intensity, duration and the high-energy end of the spectrum are not assessed by the theory. These characteristics are limited by the thickness of the layer. Simulations show that, in contrast to the layer dynamics, the thickness of the layer does not follow the relativistic similarity 47 with parameter S = n/a 0 , where n is the plasma density in units of critical density n c = mω 2 /4πe 2 . This indicates that assessing the thickness requires analysis based on the first principles.
The RES model is motivated by the spread in electron velocities in the sheath being small, which is an effect of the relativistic dynamics. However, as the velocities of the electrons are close to the speed of light, small fluctuations in velocity imply large fluctuations in the corresponding γ-factor. One may hence ask what happens to the similarity normalized γ-factor γ/a 0 in the high a 0 -limit, a question that also is connected to the layer thickness ∆x and normalized energy W/a 2 0 of the electrons in the sheath. Figure 1 shows the similarity normalized maximum γ-factor in the layer, the energy W/a 2 0 , and the thickness ∆x of the sheath as a function of time, obtained from particle-incell (PIC) simulations, for a range of different a 0 . From this a decreasing trend can be observed for all three quantities as a 0 increases. It is not clear whether they approach a nonzero limit or converge to zero. The latter case would indicate that the efficiency of energy conversion from the laser to the electrons in the sheath becomes smaller for high a 0 (even if the maximum γ-factor may increase with a 0 in absolute numbers). The amount of energy in the compressed sheath of electrons, as well as its distribution, is relevant to address questions about the radiation spectrum for high-harmonic generation and electron heating. Resolving the γ-factor distribution for electrons in the sheath is therefore of great interest. In previous studies, an average value of 10 has been proposed to be used as an ad hoc value for limiting the singularity of the RES equations in Ref. 29, 48 . Serebryakov et al 43 have also proposed to model the average γ-factor in the sheath by solving the equations of motion for an average particle in the sheath. However, such a model is limited by the fact that particles are continuously added and removed from the sheath, leading to difficulties in connecting single-particle dynamics to that of the sheath.
In this paper, we show that the relation between the transverse momentum and vector potential can be used to express the distribution (as well as average) of the electron γ-factors in terms of the thickness of the sheath and the parameters from the RES-model. However, the layer thickness and its dependency on a 0 still needs to be determined. One way to do this, is to integrate the rate of change of γ for an electron at the vacuum-plasma boundary. This is highly complicated, and demands accurate models for the fields at the vacuum-plasma boundary, incorporating effects due to finite γ-factors and variations in velocities across the sheath to give a non-vanishing rate of change. Instead, we will here combine estimates for the layer thickness from analytical solutions with the results of particle-in-cell simulations. The analytical estimates are based on the balance between the radiation pressure and the longitudinal electric field. Furthermore, we adress the similarity limit of the layer dynamics, as well as scaling laws for the cut-off frequency for high harmonic generation.
The paper is structured as follows: In Sections 2 and 3, we introduce notation as well as the governing equations in the RES-model. This is followed by Sections 4-5, where we derive the field-structure and γ-distribution inside the electron sheath. The derived expressions are compared with the results of simulations. Thereafter, Section 6 considers the a 0 dependence of the layer thickness and addresses scalings for the cut-off frequency for high-harmonics based on coherency-limits and energy conservation. Finally, in Section 7, we summarize our findings and elaborate on possible extensions to obtain a fully analytical model for the electron and radiation spectrum, as well as discuss possible applications.
II. SETUP AND UNITS
The RES-model can be applied for arbitrary angles of incidence, density profiles, pulse-shapes, polarization and relativistic intensities. 49 However, here, we consider an incoming laser pulse of the form E(ψ) = E y,i (ψ)ŷ + E z,i (ψ)ẑ, where ψ = ωt − kx is a phase coordinate and E y,i (ψ), E z,i (ψ) are arbitrary functions of phase, interacting with a step-like plasma density profile n(x) = n 0 Θ(x), where Θ(x) is a step-function and n 0 is the plasma density. This can be related to the more realistic situation with a smooth density profile by using the notion of an effective S-number proposed in Ref. 44 . We assume that the pulse is incident with an angle θ with respect to the x-axis in the plane normal toẑ. By performing a Lorentz-transformation in the v = −c sin θŷ direction, the setup reduces to that of normal incidence. However, in the boosted frame, the electrons and ions are moving with an initial velocity.
In the following, time and space are expressed in terms of x ′ = kx and t ′ = ωt, where k is the wave-vector of the incident radiation and ω is its frequency. Furthermore, densities are expressed in terms of n c , momentum is expressed in terms of mc, and fields are expressed in terms of the relativistic field E r = mcω/e, with the rela- tivistic amplitude defined by a 0 = E max /E r , where E max is the maximum amplitude of the incoming field. Normalizations are, unless otherwise stated, performed with respect to the boosted frame.
III. THE RELATIVISTIC ELECTRON SPRING (RES) MODEL -GOVERNING EQUATIONS
The RES-model relies on that the incident radiation will not propagate inside the plasma, i.e. only penetrates the vacuum-plasma boundary to a limited extent; eventually being cancelled by fields due to plasma-currents, in combination with a 0 > 1, which makes the electron-dynamics relativistic. Under these circumstances, the electrons form a sheath, moving with velocity β = (β x , β y , β z ), which approximately is positioned at the point of full cancellation of the incident field: x s . This criteria can with respect to the boosted frame be expressed in terms of:
where Q = n 0 x s is the total charge in the sheath.
Since the dynamics is relativistic, it is assumed that the layer moves at the speed of light, i.e. β 
The fact that these equations captures the physics of interaction in the high a 0 limit is demonstrated in 2. In this Figure we compare the solution of the equations in the RES-model and PIC-simulations for the velocities β, as well as the magnetic fields at the vacuum-plasma interface in the particular case of θ = π/7, S = 1/ cos 3 θ and E y (ψ) = Θ(ψ)a 0 (cos ζ sin ψŷ + sin ζ cos ψẑ) with a 0 = 1000 and ζ = π/3, with respect to the boosted frame. The PIC-simulations were performed using the ELMIS-code 50 , with the spatial resolution ∆x = 2π × 2 −14 , temporal resolution ∆t = 7 × 10 −4 and 25 particles per cell. Figure 3 schematically illustrates a compressed sheath with velocities β = (β x , β y , β z ) and In the boosted frame, a laser pulse is incoming at a sharp plasma-boundary leading to the formation of a thin sheath with velocity β. Whereas the incoming radiation is cancelled by the Q = n0xs electrons in the sheath, the longitudinal electric field peaks at the vacuum-plasma interface and is due to the unshielded chargeQ = Q−n0∆x to the left of the interface, where ∆x is the layer thickness.
IV. FIELDS INSIDE THE COMPRESSED ELECTRON SHEATH
thickness ∆x, resulting from the interaction between a laser and a plasma. The position x s , in the RES-model, is associated with the right-most point of the sheath, whereas x s −∆x corresponds to the vacuum-plasma interface. The electromagnetic field at a point x ∈ [x s − ∆x, x s ], i.e. inside the sheath, has four contributions: the incident field from the laser, the field from the unshielded ion current and the forward as well as backward travelling radiation from electrons inside the sheath. By using the RES-condition and summing all the contributions, a lowest order approximation to the fields at a point x inside the sheath is given by:
where q is the amount of electron charge between the vacuum-plasma interface and x.
The above expressions are used in Section 5 to calculate the shape of the γ-factor distribution for electrons. However, to obtain a closed expression for the γ-distribution in the layer, it is necessary to determine either the energy in the layer, its thickness or the maximum γ-factor (the γ-factor of a particle at the vacuum plasma interface), which poses a significant challenge. In particular, with the above field expressions both the energy-flow across the vacuum plasma boundary as well as the rate of change of γ (i.e. β · E) vanishes. The vanishing of energy flow across the vacuum-plasma boundary in the crude approximation of the fields does not rely on that the sheath velocity follows that in the RES-model, but holds in the broader context of that the sheath is described by some common velocity and moves at the speed of light. To account for energy accumulation in the sheath it is instead necessary to consider more accurate models for the field structure, which may include:
1. The effect of the ions situated between x s − ∆x and x s on E x .
2. The variation of the incoming field across the extension of the sheath.
3. The effect of finite γ-factors.
4. Retardation effects, both in the evaluation of the field due to electrons and ions.
5. Angular deviations of the particle velocities β(x) compared to the description of the sheath electrons moving with a single velocity.
These corrections play a varying role during different parts of the interaction. Finite γ-factors on one hand directly affect the fields through the expressions for the field of an element of the sheath moving with a given velocity, but also indirectly as it determines the dynamics of the layer thickness, which broadly determines the importance of the other corrections. One may further notice that retardation plays a critical role during the emission of high-harmonics as this occurs simultaneously with the layer moving in the oppositex-direction.
V. ESTIMATE FOR γ-DISTRIBUTION
Since, in the case of normal incidence, the hamiltonian of the particles does not depend on the transverse coordinates, transverse canonical momentum is conserved. In the boosted frame, conservation of canonical momentum in theẑ-direction is equivalent to:
As p z = γβ z , provided that the vector-potential component A z , expressed in units of mc 2 /e, can be calculated, γ is obtained by taking β z from the RES-model. Clearly, such expression is valid as long as the electron dynamics is relativistic and the RES-velocity accurately describes the dynamics (which commonly is the case, except for when β z is close to zero).
To calculate the vector-potential, observe that B y = −∂A z /∂x, and consequently that:
This integral incorporates details related to the electron-density in the layer, which from an analytical perspective cannot be known in detail (although it may be calculated from simulations). As an approximation, we assume that the density is constant across the sheath, i.e. has some value n = Q/∆x. In that case:
with δx = (x s − x)/∆x being the position in the sheath, normalized with the width of the sheath.
Combining the equation for the vector potential and conservation of canonical momentum gives the γ-factor distribution:
Although the analytical expression is not entirely independent from PIC-simulations, which were used to determine the thickness of the sheath, Figure 4 indicates good consistency with the γ-factor distribution obtained from PIC-simulations.
By integrating the γ-factor distribution, the total electron energy in the sheath can be written as:
.
Evidently, the average γ-factor scales proportionally with Q∆x. The S-similarity theory implies that there is a normalized energy W (t, S) = W (t, S, a 0 )/a 2 0 , where W (t, S) in the limit of high a 0 only depends on time and the S-parameter. In terms of W (t, S), the γ-distribution takes the form:
which shows that the singular behaviour of γ indicated by its dependency on β x is constrained by the available energy W (t, S) which is limited from above by the energy available in the laser pulse.
In terms of normalized quantities, the thickness of the sheath:
i.e. if W (t, S) converges to a limit for high a 0 , the thickness of the sheath also converges and in particular goes to zero as the sheath moves along the axis of incidence. An estimate for the thickness in the intermediate region is given by:
where we have assumed that the velocities for the sheath can be associated with a γ, which then is equated to the maximum γ in the sheath. However, notice that this expression is limited by the accuracy of the field-description at the point β x = −1 and that the field at the singular point needs further consideration, which will be adressed in Section 6. Figure 1 shows the comparison of the maximum γ, the energy of electrons in the sheath, and ∆x for laser-plasma interaction with S = 1/ cos 3 θ, θ = π/7, and different a 0 . Although γ, the energy and ∆x appear to change increasingly slowly with respect to similarity normalized units as a 0 increases, there is no clear indication whether they have a nonzero limit. To shed light on this, we consider the simplified problem of a circularly polarized plane wave interacting with an overdense plasma. 51 In this case, the balance between radiation pressure and the electrostatic force leads to a penetration depth of the vector-potential scaling as λ s ∼ a −1/2 0 , i.e. which goes to zero as a 0 increases. If this property generalizes to the case of arbitrary interaction parameters, it would mean that W (t, S) = 0 and consequently that energyaccumulation in the sheath is a transient phenomena, which only is significant for low to moderate a 0 . The frequency cut-off for high-harmonic radiation and inverse thickness 1/∆x as a function of a0 for the interaction of a linearly polarized laser at normal incidence with an S = 1 plasma, as well as the case with S = 1/ cos 3 θ, θ = π/7 and pulse shape described in Section 3.
VI. SIMULATION OF LAYER THICKNESS AND PEAK FIELD AT SINGULAR POINT
The existence of a limit for the layer thickness (for high a 0 ) as the layer moves backwards and radiates is important for the prospects of generating coherent high harmonics of increasingly high order. In the view of the expression for the layer thickness in Section 5, with a proportionality ∆x ∼ (1 − β 2 x ), higher a 0 implies a layer thickness approaching zero (as 1 − β 2 x ∼ 1/γ 2 ), which is a consequence of that the field approaches infinity when β x → −1. However, this estimate may overestimate the decay rate by overestimating the field in the calculation of the vector potential, which is reduced due to retardation effects and potentially also affected by angular velocity spread for the electrons, which is conserved in the high a 0 -limit. In Figure 5 , the layer thickness as well as frequency cut-off for high-harmonic generation is shown as a function of a 0 in a case with linearly polarization, S = 1 and θ = 0, as well the case described in Section III. The layer thickness is measured at the point of maximum compression (i.e. where β x = 0). The thickness in the two cases approximately decay as a respectively, which shows that the decay rate for the skin depth gives results that remain representative for a wider range of interaction parameters. For the linearly polarized case, the cut-off frequency for generation of high harmonics scales as a 0.5 0 , which is fairly consistent with the limit on coherency implied by ∼ 1/∆x and the scaling of the layer thickness.
An implication from the study of the scaling of the thickness is that the energy in the sheath scales as W (t, S, a 0 ) ∼ a , which provides a different route to the scaling of the frequency for high harmonic generation. To find L, it is necessary to estimate the amplitude of the atto-second burst. Here, we take into account the velocity spread through a delayt(q) such that β x (t, q) = ρβ x (t −t(q)), where ρ = 1 − 1/γ 2 and β(t) corresponds to a motion at the speed of light. In the vicinity of an electron with β x (t, q) = −ρ at time t = t e −t(q):
where k = n∂t/∂q and δt, δx are the deviations from the position and time t = t e −t(q). It holds that:
and consequently:
Taking into account retardation amounts to setting δx = −δt and the total field can be obtained by integration of all contributions. However, the integrand is anti-symmetric in δx and nonzero values of the field are hence a consequence of the layer position for the zero-crossing of the transverse velocity (with the correct phase) as well as variations of γ across the layer. An upper estimate for the field that can be obtained by only taking into account the constructive field contributions:
This expression is proportional to n, which as n ∼ Q/∆x ∼ a 1+α 0
shows that the field grows no faster than a 1+α 0 log a 0 . Combining this with the estimate for energy:
2 , which translates into a frequency scalingω/ω ∼ a 3α 0 (log a 0 )
2 , whereω is a typical frequency for the attosecond burst. Energy constraints hence allow a faster increase of the frequency with a 0 than the scaling of the layer thickness. The frequency of high harmonics may hence be anticipated to scale at this rate until it reaches high enough values for coherency to set limits, then following the slower scaling of 1/∆x.
VII. CONCLUSIONS
Understanding the properties, e.g. frequency range, amplitude and duration of high harmonics generated from the interaction of lasers with moderately overdense plasma, has been of great experimental as well as theoretical interest. The RES-model has in the past been shown to model the layer dynamics for laser-plasma interaction in the near-critical regime, which is relevant to the generation of high harmonic radiation. However, to understand the details of the radiation spectrum, it is necessary to assess the electron spectrum and properties of the micro-dynamics for electrons in the sheath.
In this paper, we connected the γ-factor inside the electron layer to RES-parameters and the thickness of the electron sheath or, equivalently, in terms of the total energy of the sheath. However, it was observed that the energy-flow across the vacuum-plasma boundary vanished, unless fieldeffects of the order of the thickness of the layer were included. Such field effects include variations of the velocities across the sheath, retardation effects, as well as effects due to finite γ-factors for the electrons.
Finally, guided by analytical estimates and simulations, we found that the layer thickness ∆x scales as a −α 0 , where α ∼ 0.5. Based on these observations, two scalings for the cut-off frequency for high harmonics could be indicated. On the one hand from limits due to energy constraints and on the other hand from incoherency (∼ 1/∆x). Such scalings are consistent with a faster growth of the cut-off frequency for small a 0 than at higher a 0 . To improve the accuracy of the analysis of the radiation generation it is suggested to focus on a more in detail understanding of the scaling of the layer thickness with the relativistic amplitude as well as effects of the micro-dynamics of the electronsheath during emission of high harmonics. 
